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Abstract. Let g be a Lie algebra over a field k of characteristic zero, and a fix positive 
integer N. The Lie algebra 

= 0®fck[t]/tN+lk[t] 

is called a truncated current Lie algebra. In this paper a highest-weight theory for q is 
developed when the underlying Lie algebra g possesses a triangular decomposition. The 
principal result is the reducibility criterion for the Verma modules of q for a wide class 
of Lie algebras g, including the symmetrizable Kac-Moody Lie algebras, the Heisenberg 
algebra, and the Virasoro algebra. This is achieved through a study of the Shapovalov form. 



1. Overview 

Let g be a Lie algebra over a field k of characteristic zero, and fix a positive integer N. The 
Lie algebra 

(1.1) g = 0®kk[t]/t^+ik[t] 
over k, with the Lie bracket 

(1.2) [x(^t\y(^t^] = [x,y](^t'+^, x,y e Q, i,j^O, 

is called a truncated current Lie algebra. The Lie algebra q is graded by non-negative degrees 
in t. Any graded representation of g with more than one graded component is trivially 
reducible, and so we disregard the grading in t in our representation theory. A triangular 
decomposition (cf. Section 2, here t)o = i)) 

(1-3) B = Q-®^®9+, S± = ©aeA+S^", A+ C f^*, 

of Q naturally defines a triangular decomposition of g, 

fl = 0- © ^ © 0+, Q± = ©agA+0^", 

where the subalgebra i) and the subspaces g" are defined by analogy with (1.1), and f) C ^ is 

the diagonal subalgebra. Thus a weight module for g is a g-module that is l)-diagonalizable, 

while a highest-weight module for g is a weight g-module generated by an eigenvector for 
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f) that is annihilated by g+. In this paper we construct a highest- weight theory for §, and 
derive reducibihty criteria for the universal objects of the theory, the Verma modules, by 
studying the Shapovalov form. 

We assume that the decomposition (1.3) of g is non-degenerately paired, i. e. that for each 
a G A_|_, a non-degenerate bilinear form 

and a non-zero element h{a) G f) are given, such that 

[x,y] = {x\y)^h{a), 

for all X G and y G (cf. Section 6 for a precise definition). The symmetrizable Kac- 
Moody Lie algebras, the Virasoro algebra and the Heisenberg algebra all possess triangular 
decompositions that are non-degenerately paired. The principal result of this paper is the 
following. 

Theorem. A Verma module M(A) for § is reducible if and only if 

(A,h(a) 0t^) = 

for some positive root a G A+ of q. 

Truncated current Lie algebras have previously been studied in the case where g is a semisim- 
ple finite-dimensional Lie algebra. Takiff considered this case with N = 1 in [13], and that 
work was extended in [11], [5], [6] without the restriction on N. As such, when g is a 
semisimple finite-dimensional Lie algebra, the Lie algebra g is known as a generalized Takiff 
algebra. 

An exp -polynomial module for a loop algebra 

= (g) k[t, t"^] 

(with the Lie bracket given by (1.2)) is a module for which the defining relations are equa- 
tions involving only polynomial and exponential dependence upon the power of the indeter- 
minate t. Berman, Billig and Zhao proved in [1], [2] that any irreducible exp-polynomial 
module for a loop algebra must have finite-dimensional graded components. The derivation 
of the character formulae is an interesting open problem. 

The irreducible exp-polynomial modules for loop algebras may be realized through affiniza- 
tions of irreducible highest-weight modules for truncated current Lie algebras. Character 
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formulae for Verma modules are relatively straightforward to derive. Thus the reducibil- 
ity criterion detailed above allows the calculation of the characters of the irreducible exp- 
polynomial modules in many cases. The calcuation of these characters is the current focus 
of the author's research. 



2. Lie Algebras with Triangular Decompositions 

Let be a Lie algebra over a field k. A triangular decomposition of g is specified by a pair 
of non-zero abelian subalgebras f)o C f), a pair of distinguished non-zero subalgebras 0_, 
and an anti-involution (i. e. an anti- automorphism of order 2) 

such that: 

i. = 0_ef)e0+; 

ii. the subalgebra g+ is a non-zero weight module for l^o under the adjoint action, with 
weights A+ all non-zero; 

iii. = idf, and ou{q+) = Q-, 

iv. the semigroup with identity Q+, generated by A+ under addition, is freely generated 
by a finite subset { aj C Q+ consisting of linearly independent elements of f)Q. 

This definition is a modification of the definition of Moody and Pianzola [10]. There, the 
set J is not required to be finite, root spaces may be infinite-dimensional, and i)o — i). We 
distinguish between f)o and f) in order to include Example 2.6. 

Write Q — J^^.^jZoij. Call the weights A+ of the fjo-module 0+ the positive roots, and the 
weight space corresponding to a e A+ the a-root space, so that Q+ — ®aeA+S"- The 
anti- involution ensures an analogous decomposition of g_ = ®aeA_0", where A_ = — A+ 
(the negative roots) and g~°' — u;{g°') for all a e A+. Write A = A+ U A_ for the roots of 
0. Consider Q+ to be partially ordered in the usual manner, i.e. for 7,7' e Q+, 

7 i ^ (7' - 7) e Q+- 

We assume that all root spaces are finite-dimensional, and that A+ is a countable set. 
For clarity, a Lie algebra with triangular decomposition may be referred to as a five-tuple 
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Example 2.1. Let g be a finite-dimensional semisimple Lie algebra over C, with Cartan 
subalgebra f) and root system A. Then 

Let TT be a basis for A, and let Q+ be the additive semigroup generated by tt. Write 
A+ = A n Q+, and let 0+, 0_ be given by 

where A_ = — A+. Then g+ is a weight-module for 1:)o — i) with weights A+, and 

= 0-©l)©0+. 

All root spaces are one-dimensional. For any a e A+, choose non-zero elements 

x(a) e 0°, y(a) e 0". 

An anti-involution a; on g is defined by extension of 

uj\t, = idt„ u{x{a)) =y{a), uj{y{a)) = x{a), a e tt. 

Thus (0, 0+, f), f),a;) is a Lie algebra with triangular decomposition. The semisimple finite- 
dimensional Lie algebras over C are parameterized by Euclidean root systems, or equivalently 
by the Cartan matrices. The Serre relations permit the construction of any such Lie algebra 
from its Cartan matrix, and this construction works over an arbitrary field Ik of characteristic 
zero. The preceding assertions hold also for the Lie algebras over Ik constructed in this 
manner. Here and throughout, semisimple finite- dimensional Lie algebra means a Lie algebra 
over k defined by a Cartan matrix and the Serre relations. 

Example 2.2. It shall be convenient to consider the following particular case of Example 
2.1 is greater detail. Let g denote sl(3), the finite-dimensional semisimple Lie algebra over k 
with root system A2. Denote by ai, (X2 the simple roots, by 

x(ai), x(a2), y(ai), y(a2), h(ai), h(a2) 

the Chevalley generators, and by f) = kh(ai) © kh(a2) the Cartan subalgebra, so that 

ai(h(ai)) = a2(h(a2)) = 2, ai(h(a2)) = a2(h(ai)) = -1. 

Then the root system is defined by A = A+ U A_, where A+ = { ai, (X2, cXi -|- a2 } and 
A_ = -A+. Write 

x(ai + (X2) = [x(ai),x(a2)], y(ai + 0C2) = [y(a2), y(ai) ], h(ai + = h(ai) h(a2). 
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Then for each a e A+, the elements x(q;), 7(0;), h(Q;) span a subalgebra of 5 isomorphic to 
sl(2). The anti-involution uj fixes \) point- wise, and interchanges x(ci;) with y{a) for every 
a e A+. Write 

0°^ = kx(Q;), 0-" = ky(Q;), a G A+, 
and Q± — ®a€A+0'''"- Then 0+ is a weight-module for l)o = f) with weights A+, and 

= 0- ® I) ® fl+. 

The semigroup Q+ is generated by tt = { ai, (X2 }■ Note that the \i{a) defined here are only 
proportional to the elements h.{a) defined later on. 

Example 2.3. Let q be the Kac- Moody Lie algebra over k associated to an n x n generalized 
Cartan matrix (we paraphrase [8]). Let f) denote the Cartan subalgebra, and A the root 
system. Then 

= f)® (GaeAfl''), 

and all root spaces arc finite-dimensional. The collection 11 of simple roots is a linearly- 
independent subset of the finite-dimensional space f)*. Let Q+ denote the additive semigroup 
generated by 11, let A_|_ = A fl Q+, and write 

where A_ = — A+. Then g+ is a weight-module for f)o = f) with weights A+, and 

= 0-01)00+. 

If ej, /i, 1 ^ i ^ n, denote the Chevalley generators of 0, then 0+ and 0_ are the subalgebras 
generated by the ej and by the /j, respectively. An anti-involution a; of is defined by 
extension of 

a;|[, = id[„ tL,'(e,) = /j, uj{fi) = ei, l^i^n, 

(this u differs from the uj of [8]). Thus (0, 0+, [),[), a;) is a Lie algebra with triangular decom- 
position. 

Example 2.4. Let denote the k- vector space with basis the symbols 

{L^ I m e Z}U{c}, 
endowed with the Lie bracket given by 

[c,0] = O, [Lm,l'n]^ {m-n)Lm+„ + Sm,-nij{m)c, m,neZ, 
where : Z — > k is any function satisfying i/j{—m) — —ip{m) for m e Z, and 
ip{m + n) = ^^ip{n) + ^^^ip{m), m,neZ, m ^ n. 
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If = 0, then the symbols span a copy of the Witt algebra. The Virasoro algebra is the 
only non-split one-dimensional central extension of the Witt algebra, up to isomorphism [9] , 
and is typically defined with ■0(m) = ^^4f^- 

£l± = ©m>olkL±m, i)o = ^ = kLo © kc, 

and let 6 e f)* be given by 

6(Lo) = -1, 6(c) = 0. 
Then g = g_ ® I) ® 0+, and g+ is a weight module for l)o = with weights 

A_|_ = { m5 I m > } . 

The semigroup Q+ is generated by 6. An anti- involution cu is given by 

uj{c) = c, uj{Lm) = L_„, m e Z, 

and in this notation g is a Lie algebra with triangular decomposition. 
Example 2.5. Let a denote the k- vector space with basis the symbols 

{sim \ rn E Z} \J {h, d}, 

endowed with the Lie bracket given by 

[am,an] = m6m-nfi, [h,a] = 0, [d, am] = rricim, m,neZ. 

The Lie algebra a is called the extended Heisenberg or oscillator algebra. Let 

ci± = ©m>oka±TO, f) = kao © k/i © kd, 

and let 6 e f)* be given by 

5(ao) = 8{h) = 0, 6(d) = 1. 
Then o = a_ ® f) © a+, and a+ is a weight module for {)o = 1^, with weights 

A_|_ = { m6 I m > } . 

The semigroup Q+ is generated by 5. An anti- involution cu is given by 

u!{h) — h, ou{d) — d, — a-^, m e Z, 

and in this notation a is a Lie algebra with triangular decomposition. 
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Example 2.6. Let g be a k-Lie algebra with triangular decomposition, denoted as above, 
and let i? be a commutative, associative k-algebra with 1 (e.g. R — IkftJ/t'^+^lkft], N > 0). 
Write Q — Q<SikR-i and similarly for the subalgebras of g. Then g is a k-Lie algebra with Lie 
bracket 

[x 1^ r,y <^ s] — [x,y] 1^ rs, x,y E Q, r,s E R, 

and contains g as a subalgebra via x a; ® 1. Moreover, 3 = 0-©^© 0+, and i)o G i) are 
non-zero abelian subalgebras of g. The subalgebra 0+ is a weight module for [)o with weights 
coincident with the weights A+ of the [)o-module g+, and (3+)" = So q and q share 

the same roots A and root lattices Q, Q+. The anti- involution a; of g is given by i?-linear 
extension 

LU : X h->- u!(^x) (8) r, x & q, r & R, 
and fixes f) point-wise. Thus (g, f)o, i), Q+, ou) is a k-Lie algebra with triangular decomposition. 

3. Highest- Weight Theory for Lie Algebras with Triangular 

Decomposition 

Throughout this section, let (g, l^o, f), 0+, denote a Lie algebra with triangular decompo- 
sition. The universal highest-weight modules of Q, called Verma modules, exist and possess 
the usual properties. An extensive treatment of Verma modules and the Shapovalov form 
can be found in [10]; we present only the definitions and the most important properties. 

3.1. Highest-weight modules. A g-module M is weight if the action of f)o on M is diag- 
onalizable, i. e. 

(3.1) M = ©xef,2M^ h\Mx = x{h) for aU /i G f)o,X e f)o- 

The decomposition (3.1) is called the weight-space decomposition of M; the components 
are called weight spaces. The weight lattice of a weight module M is the set 

{x^ro\M^j^Q}ci)l. 

For any x £ element v e is a primitive vector of M if the submodule U(0) - v C M 

is proper. Clearly M is reducible if and only if M has a non-zero primitive vector. A non-zero 
vector i> e M is a highest-weight vector if 

i. g+-v ^0; 

ii. there exists A e f)* such that h ■ v = A{h)v, for all /i e i). 
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The unique functional A e 1^* is called the highest weight of the highest- weight vector v. A 
weight £|-module M is called highest weight (of highest weight A) if there exists a highest- 
weight vector V E M (oi highest weight A) that generates it. 

Proposition 3.2. Suppose that M is a highest-weight g-module, generated by a highest- 
weight vector V e M oi highest weight A e f)*. Then 

i. the weight lattice of M is contained in A|(j„ — Q^; 

ii. M^'fJo = kf , and all weight spaces of M are finite-dimensional; 

iii. M is indecomposable, and has a unique maximal submodule; 

iv. if -u G M is a highest-weight vector of highest-weight A' G f)*, and u generates M, 
then A' = A and u is proportional to v. 

Let A G f)*, and consider the one-dimensional vector space kvA as an (f) ® £|+)-module via 

5+ • va = 0; h-VA = A(/i)vA, h e 

The induced module 

M(A) = U(0) ®u(i,eg+) kvA 

is called the Verma module of highest-weight A. 
Proposition 3.3. For any A G [)*, 

i. Up to scalar multiplication, there is a unique epimorphism from M(A) to any highest- 
weight module of highest-weight A, i.e. M(A) is the universal highest-weight module 
of highest- weight A; 

ii. M(A) is a free rank one U(0_)-module. 

3.2. The Shapovalov Form. The Shapovalov form is a contragredient symmetric bilinear 
form on U(£|) with values in U(f)) = S(f)). The evaluation of the Shapovalov form at A G i)* 
is a k- valued bilinear form, and is degenerate if and only if the Verma module M(A) is 
reducible. By the Leibniz rule, is a weight g-module, with weight-space decomposition 

U(0) = ©76qU(0)7- 

The anti-involution uj oi Q extends uniquely to an anti-involution of U(£|) (denoted identi- 
cally), and is such that 

u : U(0)^ ^ U(0)-^ 7 G Q. 
It follows from the Poincare-Birkhoff-Witt (PBW) theorem that U(0) may be decomposed 

U(S) = U(f)) © {5_U(5) + U(s)s+} 
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as a direct sum of vector spaces. Further, both summands are two-sided U(f)) -modules 
preserved by u. Let q : U(0) — > U(f)) denote the projection onto the first summand parallel 
to the second; the restriction q|u(fl)o is an algebra homomorphism. Define 

F : U(5) X U(0) ^ U(f)) via ¥{x,y) = q_{u:{x)y), x,y 

The bilinear form F is called the Shapovalov form; we consider its restriction 

F:U(0_)xU(0_)^U([)). 

Distinct l^o-weight spaces of U(0_) are orthogonal with respect to F, and so the study of F 
on U(5_) reduces to the study of the restrictions 

F^ : U(0_)->^ X \J{q_)-^ ^ U(()), X e Q+. 

Any A e f)* extends uniquely to a map U(l^) — > k; write F^(A) for the composition of F^ 
with this extension, and write Rad F^(A) for its radical. The importance of the Shapovalov 
form stems from the following fact. 

Proposition 3.4. Let x e Q+, A e Then Rad F^(A) c M(A)^li'o->^ is the A\t,^ - x 
weight space of the maximal submodule of the Verma module M(A). 

In particular, a Verma module M(A) is irreducible if and only if the forms F^(A) are non- 
degenerate for every x ^ Q+- Thus an understanding of the forms F^, % G Q+, is an 
understanding of the irreducibility criterion of the Verma modules of the highest-weight 
theory. 

3.3. Partitions and the Poincare-Birkhoff-Witt Monomials. Let C be a set parame- 
terizing a root-basis (i.e. an f)o-weight basis) of 0+, via 

C9 7 ^ x(7) £0+. 

Define A : C — * A_|_ by declaring x(7) G 0+*"^'*, for all 7 G C A partition is a finite multiset 
with elements from C; write V for the set of all partitions. Set notation is used for multisets 
throughout. In particular, the length \\\ of a partition \ E V is the number of elements of A, 
counting all repetition. Fix some ordering of the basis { x(7) | 7 G C } of 0_|_; for any A G P, 
let 

(3.5) x(A)=x(Ai)---x(Afc) gU(£|+) 

where k = |A| and {Xi)i^i^k is an enumeration of the entries of A such that (3.5) is a PBW 

monomial with respect to the basis ordering. For any partition A G write y(A) = a;(x(A)). 
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By the PBW Theorem, the spaces U(g+), U(0_) have bases 

{x(A)|AeP}, {y{X)\Xer}, 
respectively. For any partition A e P and positive root a e A+, write 

A(A) = 5^ A(7); A" = {7 e A | A(7) = a} . 

3.4. Shapovalov's Lemma. The proof of the following useful lemma is elementary. 
Lemma 3.6. Suppose that A e that |A| = r, that {Xi)i^i^r is an enumeration of A and 
that T e Sym(r). Then 

x(Ai) • • •x(Ar) = x(A^(i)) • • •x(A^(r)) + R 

where i? is a linear combination of terms x(0i) • • - x^cpg) where (pi & C for 1 ^ i ^ s and 
s < r. 

The following Lemma is due to Shapovalov [12]. Our proof follows that of an analogous 
statement in [10]. 

Lemma 3.7. Let (0, [)o, f),0+,a;) be a Lie algebra with triangular decomposition. Suppose 
that X, II e V, that |A| = r and |//| = s, and that (Ai)i^i^r a-nd (//i)i^i^s are arbitrary 
enumerations of A and /i, respectively. Let 

Z = x(A,.) ■ ■ ■x(Ai)y(/ii) ■ ■■Jills)- 

Then 

i. deg(,q(Z) ^ r, s; 

ii. if r = s, but |A"| 7^ l/x"! for some a e A+, then deg(,q(Z) < r — s; 

iii. if r = s and |A°| = =: for all a e A+, then the degree r — s term of q,{Z) is 

n E n MKuMm, 

where for each a e A+, (A")i^-^^^, (A*")i<j<ma are any fixed enumerations of A" and 
respectively. 

Proof. The proof is by induction on |A| + It is straightforward to show that all three 
parts hold whenever |A| = or = 0. Suppose then that all three parts hold for all 
X',11' e V such that |A'| + < |A| + Let e Sym(r),r G Sym(s), and write 

Z' = x(A^(^)) • • •x(A^(i))y(/x^(i)) • ■■y{iir(s))- 
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By Lemma 3.6, Z — Z' + R, where Ris a, linear combination of terms 

with r' < r or s' < s. Therefore, by inductive hypothesis, the Lemma holds for arbitrary 
enumerations of A and fi, if it holds for any particular pair of enumerations. Consider A+ 
to carry some linearization of its usual partial order, and choose any enumerations of A, /i 
such that 

A(Ai) ^ • • • ^ A{\r) and A(//i) ^ • • • ^ ^il^s)- 

Moreover, as 

q(x(A^) • • • x(Ai)y(/xi) • • • y(/x^)) = q( uj{x{Xr) ■ ■ ■ x(Ai)y(/ii) ■ ■ ■ y(/x,)) ) 

= q(x(/x,) • • • x(/xi)y(Ai) • • • y(A^)), 

it may supposed without loss of generality that A(/xi) ^ A(Ai). Now 
q(Z) = q(x(A^)---x(Ai)y(/Xi)---y(/xJ) 

= q([x(Ar) • • •x(Ai),y(//i) ]y(//2) • ■■y{l^s)) 

1=1 

where, by the Leibniz rule, 

A = x(A^) • • •x(A^+i)[x(Aj),y(/xi)]x(Ai_i) • • •x(Ai)y(//2) • • -yl/^J, 

for 1 ^ i ^ r. Let ^ /c ^ r be maximal such that A(Ai) = A(/ii) for all 1 ^ i ^ A;; the 
terms with 1 ^ i ^ k and k < i ^ r are to be considered separately, li 1 ^ i ^ k, then 
[x(Ai), y(/xi) ] e i). Therefore, by the Leibniz rule, 

A = Zi[x(Ai),y(yUi)] + Ri, 

where Zi — x(Aj.) • • •x(Ai+i)x(Ai_i) • • •x(Ai)y(/X2) • • •y(/^s) and Ri is a linear combination of 
terms 

x{(f)r-i) • ■ ■ x(0i)y(V'i) • • • y(V's-i), 01, ■ ■ ■ , 0r-i, V'l, ■ ■ ■ , i^s-1 e C. 

If instead k < i ^r, then Ai is a linear combination of terms 

x(A^) • • •x(Ai+i)x(7)x(Ai_i) • • •x(Ai)y(//2) • ■•y{l^s): 
where A(7) = A(Ai) - A{fii) e A+, since A(^i) ^ A(Ai) ^ A(Ai). 

Note that deg^q(Z) ^ MAX { deg^q(74i) }. Consider now each of the three parts of the 
claim. 
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Part (i). Forl^i^k, 

(3.8) q(A) =q(^i)[x(A,),y(//i)] + q(i?,), 

since q|u(fl)o is an algebra homomorphism. By part (i) of the inductive hypothesis, 

deg(,q(^i), deg^q(i?i) ^ r - 1, s - 1, 

and so deg^q(Ai) ^ r, s. For k < i ^ r, again by part (i) of the inductive hypothesis, 
deg[,q(A) ^ s — 1. Hence deg[,q(Z) ^ r, s, and so part (i) holds. 

Part (ii). Suppose that r = s, and let a e A+ be such that |A"| 7^ For 1 ^ i ^ k, 
consider q(Aj) by equation (3.8). By part (i) of the inductive hypothesis, 

deg,,q(-Ri) ^ r - 1 < r, 

and so it remains only to consider <i{Zi). Write A' (respectively, /x') for the partition consisting 
of the components of A (respectively, n) except for Aj (respectively, fii). Then |A'| — 
and |A'"| ^ |a*'"|- Therefore, by part (ii) of the inductive hypothesis, degf,q(Zj) < r — 1; 
hence degf|q(74j) < r. For k < i ^ r, part (i) of the inductive hypothesis implies that 
deg[,q(Aj) ^ s — 1 < r. Therefore deg[,q(Z) < r, as required. 

Pait (iii). Suppose that r — s and that |A°| = for all a e A+. Observe that for 
k < i ^r, part (i) of the inductive hypothesis implies that 

deg,,q(A) ^ s - 1< r; 

and that for 1 ^ i ^ A;, by the same, 

deg^q(i?i) ^ r - 1 < r. 

Therefore, the terms q(A) ior k < i ^ r and the terms q(-Ri) for 1 < i < A; can not 
contribute to the degree-r component of q(^); thus the degree-r component of (l{Z) is the 
degree-r component of 

k 

5]q(Z,)[x(A,),y(//i)]. 

i=l 

As Zi satisfies the conditions of part (iii) of the inductive hypothesis, for 1 ^ i ^ /c, the 
formula follows. □ 
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4. Truncated Current Lie Algebras 



Let {q, f)o, f),0+,a;) be a Lie algebra with triangular decomposition, and let C denote a set 
parameterizing a root-basis for Fix a positive integer N, and let 

= 0® k[t]/t^+^k[t] 

denote the associated truncated current Lie algebra with the triangular decomposition of 
Example 2.6. The integer N is the nilpotency index of Q. Let C = C x { 0, . . . , N }. Then C 
parameterizes a basis for 0+ consisting of f)o-weight vectors of homogeneous degree in t, via 

C3 ry ^ X(7) £0+, 

where x(7) = x(r) t"* if 7 = (r, d) e C. Define 

A:C^A+, degt:C^{0,...,N} 

via x(7) e 0^^^) ® t^^st(7) for all 7 e C. Order the basis {x(7) | 7 e C } of 0+ by fixing an 
arbitrary linearization of the partial order by increasing homogeneous degree in t, i.e. so 
that 

degt(7) < degt(7') ^ x{-f)<x{Y), 7, fed 

As per Subsection 3.3, the PBW basis monomials of U(0+) with respect to this ordered basis 
are parameterized by a collection V of partitions. Partitions here are (finite) multisets with 
elements from C. For any x £ Q+, let 

P^ = {AeP| A(A) = x}- 
For any ^ d ^ N and A G define 

A'^ = {7e A|deg,7 = rf}; 
A is homogeneous of degree-d in t if A = A*^. The ordering of the basis 0+ is such that for all 

\eV, 

x(A) = x(A°)x(Ai) ■ ■ ■x(A^), y(A) = y(A^) ■ ■ ■y(Ai)y(A°). 
For any A e 1^* and ^ ci ^ N, let A^ e [)* be given by 

(Ad,/i) = (A,/i®t''), hei). 
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4.1. The Shapovalov form. As in Section 3, there is a decomposition 

U(0) = U(^)©{0_U(0) + U(5)5+}, 

as a direct sum of two-sided U(0)°-modules. Denote by q : U(0) — > U(^) the projection 
onto the first summand, parallel to the second. Let F : U(gi) x \J{q) — > U(^) denote the 
Shapovalov form, and write F^^ for the restriction of F to the subspace U(0_)~-^, x ^ Q+- 

The algebra is graded by total degree in the indeterminate t, 

k 

U(S) = 0U(5)„, U(0)„ = span{(a;i®t'^O---(a;fc®t'^'=) I J^rfi = m, k ^ 0} . 

m^O 1=1 

For any subspace V C U(0), let 

and call V graded in t if = ©m^o "^^^ subalgebras U(9_|_), U(g_), and U(^) are graded 
in t. 

Lemma 4.1. For any m ^ 0, q(U(0)^) C U(^)^. 

Proof. The spaces g-\J{g) and U(0)0+ are graded in t; hence so is the sum 

{0_U(0)+U(s)s+}. 

Therefore, 

U(0)^ = U(^)^ © {0_U(0) + U(0)0+}„, 
for any m ^ 0. □ 

Example 4.2. Let q = sl(3), and recall the notation of Example 2.2. Let N = 1, so that 
S = © (fl ® t)- Write C = and C = C x { 0, 1 }. Then has a basis parameterized by 
C: 

C3 {a,d) ^ x(Q;)(8)t"' €0+. 
Let X = cXi + a2. Then 7^^ consists of the six partitions 

3^ { {oci, 0), (a2, 0) } , { (ai + as, 0) } , { {a,, 0), (as, 1) } , 

{(ai,l),(a2,0)}, {(ai + a2,l)}, { (ai, 1), (aa, 1) } . 

Order the set { x(7) | 7 e C } by the enumeration 

x(ai)(8)t°, x(ai + as) (8) t°, x(a2)(8)t°, x(ai)(8)t\ x(ai + a2)0t\ x(a2)(8)t\ 
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Then the PBW basis monomials of U(gi_) ^ corresponding to the partitions (4.3) are, re- 
spectively, 

y(a2)®t0-y(ai)®t°, y(ai + aa) ® 1°, y((X2) ® ■ y((Xi) ® t^, 

y(ai) ®t^ ■y(a2) ®t°, y{oci + 0^2) ®i\ y((X2) ® t^ • y(ai) O t^ 

For notational convenience, write hj^j = h(cXi) , for i — 1,2 and j — 0, 1. The restriction 
Yy, of the Shapovalov form, expressed as a matrix with respect to the ordered basis (4.4), 
appears below. 

hai+a2,0 + hai,0 hai.O hai,oha2,l + ^ai,! hai,i(hcc2,o + 2) h^^j ^bli,1^(X2,1^ 

hai,0 h«i+a2,0 — hc(2,l hai+a2,l 

hai,oha2,l + V,! hai,lha2,l 

hai,i(h«2,o + 2) -h„2,i hai,ih<x2,i 

hai,l hai+a2,l 

V h^i,iha2,i y 

This is an elementary calculation using the commutation relations. Observe that this matrix 
is triangular, and that in particular the determinant (the Shapovalov determinant at x) must 
be the product of the diagonal entries, viz., 

(4.5) (h(ai) ® t^)^(h(a2) ® t^)^(h(ai + as) ® t^)^ 

up to sign. This provides a criterion for the existence of primitive vectors in the weight space 
A|f,o — X of a Verma module M(A), A e \)*. We shall prove that the Shapovalov determinant 
always lies in S(f)(8)t'^), and that for q a semisimple finite-dimensional Lie algebra, the factors 
of the Shapovalov determinant are the analogues of those of (4.5). 

Example 4.6. Let q be the Virasoro/Witt algebra, and adopt the notation of Example 2.4. 
Let N = 1, and X = 26. Write C = A+ and C = C x { 0, 1 }. Then consists of the five 
partitions 

(4.7) {(6,0), (6,0)}, {(26,0)}, { (6, 0), (6, 1) } , {(26,1)}, { (6, 1), (6, 1) } . 
Order the basis 

{x(7) I 7 e C} = {L^^f^ I m > 0, d = 0, 1 } 

for 0+ firstly by increasing degree d, and secondly by increasing index m. Then the PBW 
basis monomials of corresponding to (4.7) are, respectively, 

(4.8) (L_i®t°)2, L_2®t°, L_i ®ti -L.i ®t°, L_2®t\ {h_i®t^f. 
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Write — (2mLo + ip{m)c) t*, for m,i ^ 0. The matrix of F^, expressed with respect 
to the ordered basis (4.8), appears below. 



/2n,,o{n,,o + 1) 


3^^1,0 


2^^i,i(ni,o H 


-1) 30i,i 


2(^1,1 


)^\ 




^2,0 


31^1,1 


^2,1 







2fii,i(l]i,o + l) 


3^1,1 


"i,i 










30i,i 


^2,1 






























Hence the Shapovalov determinant at x is given by detF^ = 4Qf 

Example 4.9. Let g be the Virasoro/Witt algebra, and adopt the notation of Example 2.4. 
Let N = 2, and X = 26. Write C = A+ and C = C x { 0, 1, 2 }. Then consists of the nine 
partitions 



(4.10) 



{(6,0), (5,0)}, 
{(6,0), (6, 2)}, 
{(6,1), (6, 2)}, 



{(26,0)}, 
{(26,1)}, 
{(26,2)}, 



{(6,0), (6,1)}, 
{(6,1), (6,1)}, 
{(6, 2), (6, 2)}. 



Order the basis { x(7) | 7 G C } as per Example 4.6. Then the PBW basis monomials of 
U(0_)~'^ corresponding to (4.10) are, respectively. 



(4.11) 



(L_l®to)^ 

it^-L 

:t2-L_ 



L-1 
L-i 



-1 



L_2 
L_2 
L_2 



L_i <i 

(L-i 
(L-i 



it^ •L_i 

5tl)^ 

?)t2)2. 



The matrix of with respect to the ordered basis (4.11) appears on page 18. Notice that 
the matrix has six non-zero entries on the diagonal. Hence there is no reordering of the basis 
(4.11) that will render the matrix triangular. 



4.2. A Modification of the Shapovalov Form. As observed in Example 4.9, it is not 
always the case that the matrix for F-^, x ^ Q+, can be made triangular by an ordering of the 
chosen PBW monomial basis for U(g_)~^. A further permutation of columns is necessary; 
this is performed by an involution * on the partitions, and encapsulated in a modification B 
of the Shapovalov form F. For any 7 = (r, d) e C, write 7* = (r, N — c?) e C, and for any 
A e P, write 

A* = {7*|7e A}. 
So (A^)* = (A*)^-'^ for all A e and all degrees d. For any x ^ Q+, let 

B^:U(5_)-^xU(0_)-^^U(^) 
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be the bilinear form defined by 

B^(y(A),y(/i)) = F^(y(A), y(/x'^)), A, ^ e V^. 

Relative to any linear order of the basis { y(A) | A G } of U(0_)^^, the matrices of and 
are equal after a reordering of columns determined by the involution *. In particular, the 
determinants detB^ and detF-^ are equal up to sign. 
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2^1,0(^^1,0 + 1) 


3^^1,0 


2i7i,i(ni,o + i) 


2^1,2(1^1,0 + 1) 


30i,i 


2(02, + Oi,2) 




3Qi,2 


2^1,2 


3^^1,0 


^2,0 


3^1,1 


31^1,2 


122,1 


31^1,2 





1^2,2 





21]i,i(l]i,o + 1) 


31^1,1 


1^1,2(1^1,0 + 2) + 1 


f2i,if2i,2 


311l,2 


212i,il2i,2 


iil,2 








2^1,2(^1,0 + 1) 


3r2i,2 


^1,1^1,2 


iil,2 

















3^1,1 


^^2,1 


31^1,2 





1^2,2 














2{nl^ + Qi,2) 


3r2i,2 


20]^ 1^1 2 








2^1,2 











2^1,1^1,2 





iil,2 




















3f2i,2 


^2,2 























2^1,2 



























Matrix of the Shapovalov form F^^ for the Virasoro/Witt truncated current Lie algebra. 
X^2b, N = 2, ll^,j := (2mLo + '0(m)c) (8) t\ m,i^O. 



5. Decomposition of the Shapovalov Form 



Throughout this section, let {Q,i)o,i). g^. uj) denote a Lie algebra with triangular decompo- 
sition, and let Q denote the associated truncated current Lie algebra of nilpotency index N. 
Let C denote the collection of all two-dimensional arrays of non-negative integers with rows 
indexed by A+ and columns indexed by { 0, . . . , N }, with only a finite number of non-zero 
entries. For any x G Q+i let 

The entries of an array in specify the multiplicity of each positive root in each homoge- 
neous degree component of a partition of x, i. e. 

Let 

p^^{XeV\ I A'*''^! = L«,d, for all a e A+, ^ d ^ N } . 

Then for any L e £, is a non-empty finite set; if the root spaces of q are one-dimensional, 
then Vl is a singleton. The set parameterizes a disjoint union decomposition of the set 

(5.1) = □ V,^. 

For any 5' C let 

span(5) = span^ { y(A) | A e 5 } , 

so that, for example, span(P) = U(0_) and span(7'^) = \]{qJ)~^ for any x ^ Q+- For any 
X e Q+, the decomposition (5.1) of defines a decomposition of U(§_)~'^ = span(7'^): 

U(0_)-'^ = span(7^^). 

We construct an ordering of the set £^ and show that, relative to this ordering, any matrix 
expression of the modified Shapovalov form for q is block-upper-triangular (cf. Theorem 
5.14). The following Corollary, immediate from Theorem 5.14, provides a multiplicative 
decomposition of the Shapovalov determinant, and is the most important result of this 
section. 

Corollary 5.2. Let x G Q+. Then 

detB^ = JJ^ detB^|span(7'i)- 
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5.1. An order on C,^. Write N = { 0, 1, 2, 3, . . . } for the set of natural numbers, and fix an 
arbitrary linearization of the partial order on Q+. If X is a set with a linear order, write 
X'^ for the set X with the reverse order, i. e. x ^ y in X'^ if and only \i x y m. X. For 
example, the order on is such that is maximal. Suppose that (^i)i^i is a sequence of 
linearly ordered sets, and let 

X = Xi X ^2 X X3 X • • • 

denote the ordered Cartesian product. The set X carries an order <x defined by declaring, 
for all tuples (xj), (yj) e X, that {xi) <x {Ui) if and only if there exists some m ^ 1 such 
that Xi — Hi for all 1 ^ i < m, and x^ < Um- This order on X is linear, and is called 
the lexicographic order (or dictionary order) . Fix an arbitrary enumeration of the countable 
set A+ X {0, 1,...,N}. Consider £ as a subset of the ordered Cartesian product of copies 
of the set N indexed by this enumeration. Write for the set C with the associated 

lexicographic order. For any L e £, write 

A(L) = ( J2 La,oa, 5^ L^,ia, . . . , L„,n«) G {Q+Y+\ 
\L\ = Lc,,o, 5^ 5^ L«,n) gN+xN^. 

aGA+ a6A+ aeA+ 

For any % G Q+, define a map 

e^-.C^^ {Q+T^' X (Nt X N^) X jC{^) 

by 

9^{L) = {A{L),\L\,L), LeC^. 

Consider the sets and x to both carry lexicographic orders. Thus the 

Cartesian product 

(5.3) {Q+^f^^ X (Nt X N^) X C{0 

carries a lexicographic order, and this order is linear. For any x G Q+i we consider the set 
to carry the linear order defined by the injective map 9^ and the linearly ordered set 
(5.3). 



5.2. Decomposition of the Shapovalov Form. 
Lemma 5.4. For any partitions A, e V, 



x(A)y(/.) = x(A°)y(/.^)x(A^)y(/.^-^) • • •x(A^)y(/). 
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Proof. By choice of order for the basis { x(7) | 7 e C } of 0+, and since y(/x) = a;(x(/x)), by 
definition, 

x(A)y(^)=x(A°)---x(A^)y(/x^)...y(/). 
As [x(A'), y(^^) ] = if i + j > N, the claim follows. □ 

Proposition 5.5. Suppose that A, e V^, X ^ 2+) ^iid further that A(A'^) = A(/x'^), for 
all ^ d ^ fc, for some ^ A; ^ N. Then 

B(y(A),y(/.))= \[ B(y(A'^), y(/)) • B(y(A'), y(//')), 

where A' = Uifc<d^N^'' and = Uit<d^N/- 
Proof. Under the hypotheses of the claim, 

B(y(A),y(//)) = q(x(A)y(/x*)) 

= q(x(A°)y((^'^)^)x(Ai)y((/.'^)^-^) ■ ■ ■x(A^)y((/z*)°)) 

(by Lemma 5.4) 
= q(x(A°)y((/.°)*)x(A^)y((/.^)*) • • -xlA^jyll/.^)*)) 
= n q(x(A'^)y(/*)) • q(x(A'=+^)y((/-^^)*) • • •x(A^)y((/.^)*)) 

(since q|u(g)o is an algebra homomorphism) 
= n q(x(A'^)y(/'))-B(y(A'),y(/.0) 
(by Lemma 5.4) 

= ( n B(y(A'^),y(/))).B(y(A'),y(//'))- □ 

Lemma 5.6. Suppose that \,jjL&V are partitions of homogeneous degree d. 

i. If d = and |A| < or if > and |A| > then B(y(A), y(/i)) = 0. 

ii. If |A| = and |A°^| 7^ for some a e A+, then B(y(A), y(//)) = 0. 

Proof. This Lemma follows essentially from Lemma 3.7, applied to the Lie algebra with 
triangular decomposition (9, [)o, ^,0+,a;). Let A,/i G P be partitions of homogeneous degree 
d. Since 

x(A)y(Ai*) e U(5)|A|<i+|^|(N-<i), 
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it follows from Lemma 4.1 that 

(5.7) B(y(A),y(/i)) e V{[))^x\d+MiN-d)- 
On the other hand, 

(5.8) deg^B(y(A),y(/x)) ^ |A|, 
by Lemma 3.7. Therefore, if B(y(A), y(/i)) 7^ 0, and 

B(y(A),y(//)) eU(^)^, 

it must be that 

(5.9) m ^ |A|N and m ^ |/x|N, 

since the degree of /i e ^ in t is at most N. Combining (5.7) and (5.9), it follows that if 
B(y(A),y(//)) ^0, then 

(5.10) |A|rf+ |/i|(N-rf)< |A|N, 
and 

(5.11) |A|d+ |/i|(N-d) ^ |//|N. 

If d = 0, then inequality (5.10) becomes \fj,\ ^ |A|. Hence, if ci = 0, and |A| < \fj,\, then 
B(y(A), y(/i)) =0. If c? > 0, then inequality (5.11) yields |A| ^ Hence, if d > and 
|A| > 1/^1, it must be that B(y(A), y(/x)) = 0. This proves part (i). 

Suppose now that |A| = — r, and that |A"| 7^ for some a e A+. Then, by Lemma 
3.7, the inequality (5.8) becomes strict. Hence, if B(y(A), y(/x)) 7^ 0, then the inequalities 
(5.10) and (5.11) are also strict. These both yield rN < rN, which is absurd. Hence it must 
be that B(y(A), y(//)) = 0, and part (ii) is proven. □ 

Lemma 5.12. Suppose that u e Q and p ^ Q+. Then \J{qY C 0_U(0). 

Proof. Because q = g_ 0(^00+), we have U(g) = U(s_) (g) U(^ 0+) by the PBW 
Theorem. The set of all weights of the ()o-niodule U(f) g+) is precisely Q+, and so, for any 

(5.13) ucdY = E,eQ, ^Cd-r'' <s> m e d+f- 

Suppose that u E Q and u ^ Q+. Then, in particular, z/ — % 7^ 0, for any % G Q+, and so 

U(fl-)^-^Cs_U(fl). 

Hence \J{Qy C Q-\J{q) by equation (5.13). □ 
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Theorem 5.14. Suppose that x e Q+, and that L,M e L^. If L > M, then 

B(y(A),y(/.)) =0, 

for all A e Pi and e Vm- 

Proof. Suppose that L,M e C^^ and that L > M. Then one of the following hold: 

• A(L) > A(M); or 

• A(L) = A(M) and |L| > |M|; or 

• A(L) = A(M), |L| = |M| and L > M in 

Let X and let e Pm- 

Suppose that A(L) > A(M). Then there exists ^ Z ^ N such that A(A'^) = A(/x'^) for all 

^ d < and A{X^) > A(/i') in Q+\ i. e. A(A') < A(//') in Q+. U I > 0, then Proposition 
5.5 with k — I — 1 gives that 

(5.15) B(y(A),y(/.)) =^-B(y(A'),y(/x')) 

for some 9 e S(^), where A' = Ui^d^N'^'^ A*' — Ui^d^NA*'^- In remaining case where 

1 — 0, equation (5.15) holds with X — X', ji — jjt! and 9 — 1. By Lemma 5.4, 

(5.16) B(y(A'),y(/.')) = q(x(A')y((/.*)^-') • • • x(A^)y((/.*)°)). 

Since A((/x*)^-') = A(//'), the monomial x(A')y((At*)^~') has weight v = A(A') - A(/x'). 
Now V ^ Q+, since A(A') < A(//') in Q+, and so 

x(AOy((/.*)^-') e 0_U(0) 

by Lemma 5.12. Therefore 

B(y(A'),y(/x'))=0, 

by equation (5.16) and the definition of the projection q. Hence B(y(A), y(/x)) = by 
equation (5.15). 

Suppose instead that A(L) = A(M). Then by Proposition 5.5, 

B(y(A),y(/.))= \{ B(y(A'^), y(/)) . 

O^d^N 

Suppose that \L\ > \M\. Then either [A'^l < l/i'^l, with d = 0, or lA"*! > l/i"^! for some 
< d ^ N. In either case, 

B(y(A'^),y(/))=0, 
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by Lemma 5.6 part (i), applied to the partitions X'^^ji'^. Suppose that \L\ — \M\ and that 
L > M in C{^). Then 

Lcc,d 7^ Mo,,d for some o; e A+, ^ (i ^ N, 

so that KA"')"! 7^ Therefore, Lemma 5.6 part (ii), appUed to the partitions A'',/i"', 

implies that B(y(A'^), y(/)) = 0. Hence B(y(A), y(/i)) =0. □ 



6. Values of the Shapovalov Form 

Throughout this section, let (g, [)o, f),0+,i^) denote a Lie algebra with triangular decompo- 
sition, and let q denote the truncated current Lie algebra of nilpotency index N associated 
to 0. In Section 5, the space is decomposed, 

U(s_)-'^ = svMT^l) 

and it is demonstrated that the determinant of the (modified) Shapovalov form on 
\]{q-)~^ is the product of the determinants of the restrictions of B^ to the spaces span(PL), 
L e C^. In this section, the restrictions B|span(-Pi,) are studied. Firstly, the values of B|span(7'i) 
with respect to the basis y(A), A e Vl-, are calculated (cf. Proposition 6.3). This permits 
the recognition of BlspanCP^), in the case where carries a non-degenerate pairing, as an 
S(f)) -multiple of a non-degenerate bilinear form on span(P/,) (cf. Theorem 6.20). The form 
on span(Pi) is constructed as a symmetric tensor power of the non-degenerate form on q. 

6.1. Values of the restrictions B|span(Pi)- Whenever X^/jleV and |A| = = n, let 

reSym(n) l^i^n 

where (Aj) and {fJ,i), 1 are arbitrary enumerations of A and /i, respectively. 

Lemma 6.1. Suppose that X,ijleV and |A| = |//|. 

i. S(A,/i) = S(/i, A); 

ii. if, in addition, A and /i are homogeneous of degree-d in t, then 

s(A^/.) = s(A,/.*). 
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Proof. Let n — \X\ — |//|, and choose some enumerations (Aj), (/Xj), 1 ^ i ^ n oi X and /i. 
The anti-involution cu point- wise fixes S(^), and so cu fixes S(A, On the other hand, 

a;(S(A,/x)) = XI n '^iM^rii)),y{l^i)]) 

T6Sym(n) l^i^n 

^ XI n [^(/^0,y(^r(i))] 
TGSym(n) l^i^n 

S(/i,A) 

proving part (i). Suppose that A, /i are homogeneous of degree-d in t. For each 1 ^ i ^ n, 
let ej, 7i e C be such that 

Then 

(6.2) s(A^//)- X n [^(Mo)®t^"^y(%)®t'^]- 

rGSym(n) l^i^n 

For any 1 ^ i and r e Sym(n), 

[x(e,(i))«)t^-^y(7,)®t"] = [x(e,(,)),y(7,)]®t^ 

= [x(e^(i)) ®t^y(7i) ®t^ 

and hence S(A*,//) = S(A,//*) by equation (6.2), proving part (n). □ 

Proposition 6.3. Suppose that L e and that A, e Vl- Then 

(6.4) B(y(A),y(/.))= n E S(A"'^ (/^"'T) 

andB(y(A),y(/.))=B(y(/.),y(A)). 

Proo/. Let A, G Pl, L e £, and let ^ d ^ N. Then 

Write / = lA^^I = Then by Lemma 3.7, applied to the Lie algebra with triangular 

decomposition (g, f)o, i), Q+, cu), 

deg^B(y(A'^),y(/)) ^Z, 
and the degree-/ component of B(y(A'^), y(/x'^)) is given by 

(6.5) n S(A«'^(//"iO' 



aeA+ 
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since B(y(A'^),y(/x'^)) = q(x(A'')y(/x'^*)). By Lemma 4.1, and since Id + 1{N — d) — IN, 

B(y(A''),y(/)) eU(^),^. 

Therefore deg^B(y(A''), y(/x'')) ^ since deg^^ ^ N for any (p e i); and so B(y(A''), y(//'^)) 
is homogeneous of degree-Z in f), and is equal to the expression (6.5). By Proposition 5.5, 

B(y(A),y(/.))= J] B(y(A'^), y(/)) , 

and so the equation (6.4) follows. The symmetry of B|span(Pi) follows from equation (6.4), 

B(y(A),y(/.)) = H 11 § ( A'^"^, (//'^'T) 

= n n s((//"''^)*,A"''^) 
= n n s(/x"'^(A"''^)0 

0<d^NaeA+ 

= B(y(/.),y(A)) 

and parts (i) and (ii) of Lemma 6.1. □ 



6.2. Tensor powers of bilinear forms. If U, V are vector spaces, and (j) : U x \^ ^ k is 
a bilinear map, write 

(6.6) 4>:U(^V^k 

for the unique linear map such that (l){u ® v) = (f){u, v) for all -u G f/, f G V . 

Proposition 6.7. Suppose that U , V are vector spaces with bilinear forms. Then the vector 

space U carries a bilinear form defined by 

(6.8) {ui®Vi\u2®V2)^{ui\u2){vi\v2)-, 

for all Ml, 1*2 G U and vi,V2 G V. Moreover, if the forms on U and V are non-degenerate, 
then so is the form onU . 

Proof. Let 0:C/xC/—>lk, ■0:^x1/— >k denote the bilinear forms on U, V, respectively. 
Let 

V : {U^U) X {V^V) k 

be given by 

v{ui ® U2, Vi (g) V2) = ^{Ui (g) U2)lp{Vi ® V2), 
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for all ui,U2 e U, vi,V2 G V, where the maps are defined by (6.6). Then u is bilinear, 
and so defines a linear map 

by (6.6). Since 

([/ (g) [/) (8)(y (g) y) ^ ([/ (g) V) <S}{u (g) v) , 

the map i> may be considered as a bilinear form 

(•!•): (U^V) X (U^V) ^k. 
Now if Ui,U2 e U, Vi,V2 e V, then 

( Ml ® f 1 I M2 ® ^2 ) = ^'('^^1 ®U2®Vi® V2) 
= I/(Mi ® M2, ® W2) 
= ^(ui U2)tp{Vi (g) 'i;2) 

= (f){ui,U2)lp{vi,V2), 

and so this is the required bilinear form. The non- degeneracy claim follows immediately 
from the definition (6.8) of the form. □ 

For any vector space U and non-negative integer n, write 

T"(C/) = C/(g)---(g)C/, (n times) 
for the space of homogeneous degree-n tensors in U. For any Ui & U, 1 ^ i ^ n, write 

SO that 

T"(C/) = span { (g)"^^ Ui \ Ui e U, l^i^n}. 

Write 



1 

j=l ' (TeSym(n) 

for the symmetric tensor in Ui & U, l^i^n, and let 

n 

S"(C/) = span { JJ^ -Uj I -Uj e [/, 1 ^ i ^ n } 



i=l 



denote the space of degree-n symmetric tensors in U. Let 

T(C/) =0T"(C/), S(C/) =0S"(C/), 



n>0 n>0 
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denote the tensor and symmetric algebras over [/, respectively. 

Proposition 6.9. Suppose that C/ is a vector space endowed with a bilinear form, and that 
0. Then S"(C/) carries a bilinear form defined by 

n n n 

i=l i=l ' TeSym(n) i=l 

for any Ui,Vi & U, 1 ^ i ^ n. Moreover, if the form on U is non-degenerate, then so is the 
form on S"(C/). 

Proof. Let A(t/) denote the two-sided ideal of T(?7) generated by the elements of the set 

{ui®U2 — U2®Ui I Wi, 1*2 e } ■ 

Then T([/) = S(t/) A([/) is a direct sum of graded vector spaces. Hence, for any n ^ 0, 

(6.10) T"(C/) = S"(C/) A'^(C/) 

is a direct sum of vector spaces, where A^{U) denotes the homogeneous degree-n component 
of A([/). By Proposition 6.7, the tensor power T"(t/) carries a bilinear form defined by 

n 

(6.11) ( (8)r=i^« I (8)r=i^i ) = n^"* I Ui,VieU, l^i^n. 

i=l 

Observe that for any Ui,Vi & U, 1 ^ i ^ n, 

n 

J2 Hi^il Mi) ) 
<TeSym(n) i=l 

is independent of the enumeration of the elements Vi, . . . It follows that the direct sum 
(6.10) is orthogonal, with respect to the bilinear form (6.11). A form is defined on S"'(t/) by 
restriction of the form on T"([/). For any Ui,Vi & U, 1 ^ i ^ n, 

n n ^ n 

i=l i=l ' (TGSym(n) TGSym(n) j=l 

1 " 
reSym(n) i=l 

Hence S"(C/) carries the required bihnear form. If the form on U is non-degenerate, then by 
Proposition 6.7 the form on T"(C/) is non-degenerate, and since the sum (6.10) is orthogonal, 
the restriction of the form to S"(C/) is non-degenerate also. □ 
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6.3. Lie algebras with non-degenerate pairing. A Lie algebra with triangular decom- 
position (0, 1^0) is said to have non- degenerate pairing if for all a e A, there exists 
a non-zero h{a) e f), and a non-degenerate bilinear form 

(•,-)„:0"x5«^k, 

such that 

(6.12) [xi,uj{x2) ] ^ {xi,X2)a h{a), 

for all xi,X2 e 0". 

If has a non-degenerate pairing, then for any a e A, the space 

is one-dimensional, and so the elements h{a) and h(— a) can differ only by a non-zero scalar. 
Example 6.13. Let be a symmetrizable Kac-Moody Lie algebra over k (cf. Example 2.3), 
and let ( ■ | ■ ) denote a standard bilinear form on (as per [8, page 20]). The restriction of 
this form to i) is non-degenerate. Therefore, for any x £ there exists a unique h(x) e 
such that 

{x,h)^(h(x)\h) hei). 

The map h :()*—>() is a linear isomorphism. For any a G A, let 

(•,-)«:0"x0'^^k, 

be given by 

{xi,X2)^^ {xi\u;{x2)), Xi,X2eQ". 

Then for any a e A, the form (•, •)^ is non-degenerate, and is such that equation (6.12) 
holds (see, for example. Theorem 2.2 of [8]). Hence carries a non-degenerate pairing. 
Example 6.14. Suppose that is a Lie algebra with triangular decomposition, such that 
for any root a e A, 

dimg" = dim0-" = 1, and [0^,0""] 7^ 0. 
Then for each a e A, we may choose an arbitrary non-zero 

h(a)e[0^0-'^] 

and let the form (•, •)^ : x — > k be defined by equation (6.12). 
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Example 6.15. Let q denote the Virasoro algebra (cf. Example 2.4). Let a e A, and let m 
be the non-zero integer such that a — mb. Then 



= kL^, " = kL_^, 

and [Lj„,L_^] = 2mLo + ip{'m)c is non-zero. Therefore, by Example 6.14, q carries a non- 
degenerate pairing, with 

h(Q;) = 2mLo -|- ■0("^)c, a — mb. 

Example 6.16. The Heiscnbcrg Lie algebra a carries a non-degenerate pairing (cf. Example 
2.5). Let q; e A, and let m be the non-zero integer such that a — mb. Then 

cx = Ika^T^, d — ka — 77^, 

and [a^,a_^] = mh is non-zero. Therefore, by Example 6.14, a carries a non-degenerate 
pairing, with 

h{a) = mh, a = mb. 

Suppose that (0, [)o, f), 0+, uj) is a Lie algebra with triangular decomposition and non-dcgcncrate 
pairing, and let g denote the truncated current Lie algebra with nilpotency index N associ- 
ated to Q. Non-degenerate bilinear forms are defined on the homogeneous degree components 
of the roots spaces of q in the following manner. For all a G A_|_ and ^ (i ^ N, define a 
non-degenerate bilinear form (-, ■)^^ on g" ® by 

(6.17) {xi^t'^,X2^t'^)^^^^ {xi,X2)^, xi,X2eg". 

For all a e A+ and ^ 0? ^ N, let 

4,d = { 7 e C I A(7) = a, degt7 = d} . 
Lemma 6.18. Let a e A+ and let ^ d ^ N. Then, 

[x(0),y(V'*)] = (x(0),x(V')),,,h(a)®t^ 

for all 4>,ip e Coed- 
Proof. Let 0', -0' e C be such that = (0', d) and ^ = d). Then 

y(^*) = y(V;') ® t^-^ = Uj{x{ij')) ® t^-^ 
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and x(0) = x(0') f^. Therefore 

M'p)Mr)] = [x(0'),cc^(x(^'))]®t^ 

= (x(0'),x(V^'))X«)®t^ 
= (x(0),x(V'))^^,h(a)®t^, 

by equation (6.17). □ 

6.4. Recognition of the restrictions B|span(7'i)- L & C, let 

Ai= (g) (g) S^-'^(0"^t<^). 

The vector space has a basis parameterized by the partitions in Vl- 

Vl3 \ ^ x(A) eAi, 

where, for all X eV, 

x(A) = (g) (g) n ^(^)- 

0<d<N aeA+ 7gA«,d 

Proposition 6.19. Let a e A+ and ^ d ^ N. If A, // e are partitions with components 
in Ca,d such that |A| = |//| = A;, then 

S(A, = fc! (h(a) ® t^)*^ ( x(A) I x(/x) ) 

where ( • | • ) is the form on S*^(0" f^) defined by the form on and Proposition 6.9. 

Proof. The claim follows from Lemma 6.18 and the definition of the form on S''{q°' (8) t''). 
Let (Aj) and (//j), 1 ^ i ^ A; be any enumerations of A and /i, respectively. Then: 

S(A,/.^) = E n [x(A.(.)),y(/..*)] 

TGSym(fc) l^i^fc 
reSym(fc) l^i^fc 

= A;!(h(a)0t^)'=i J] n 

reSym(fc) l^i^fc 

= A;!(h(a)®t^)^(x(A)|x(/x)). □ 



For any L e £, the vector spaces span(7^L) and A^ are isomorphic by linear extension of the 
correspondence 

y(A) ^ x(A), XeVL. 

31 



Let ( • I • ) denote the non-degenerate form on A^, defined by the forms (6.17) on and 
by Propositions 6.7 and 6.9. So 

for all X,iJ,e Vl: where ( x(A"'^) | x(/i"'^) ) is defined by Proposition 6.9. Let Jl be the 
bilinear form on span('P2.) given by bilinear extension of 

JL(y(A),y(//)) = (x(A)|x(//)), KpteVL. 

Then the form Jl is non-degenerate. 
Theorem 6.20. For any L e JC, 

where h(L) e S(^) is given by 

h(^)= n n(w)(h(«)®t^)^-^- 

Proo/. Let A, // e P^. Then: 

B(y(A),y(/.)) = H 11 SlA-^"^, (/."'T) 
(by Proposition 6.3) 

= n n (^".-^o ® t^)^-''( xCA"'*^) I x(/."''^) ) 

0<d<N a6A+ 

(by Proposition 6.19) 

= [n n(w)(h(«)®tT-i •(x(A)ix(/.)) 

= h(L).Ji(y(A),y(/.)). 
The set { y(A) \ X gVl} forms a basis for span(Pi), and so the equality follows. □ 

7. Reducibility Conditions for Verma Modules 

Let {q, I)o, i),Q+,u!) denote a Lie algebra with triangular decomposition and non-degenerate 
pairing, and let {q, P)o, i),Q+,uj) denote the truncated current Lie algebra of nilpotency index 
N associated to q. In this section we establish reducibility criterion for a Verma module 
M(A) for g in terms of evaluations of the functional A e i)*. We then interpret this result 
separately for the semisimple finite-dimensional Lie algebras, for the affine Kac-Moody Lie 
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algebras, for the symmetrizable Kac-Moody Lie algebras, for the Virasoro algebra and for 

the Heisenberg algebra. 

Theorem 7.1. Let A e ^* and let x e Q+- 

i. The Verma module M(A) for q contains a non-zero primitive vector of weight A|(,q — % 
if and only if 

(7.2) (AN,h(a))=0 

for some a e A+ such that x — a e Q+; 

ii. M(A) is reducible if and only if equation (7.2) holds for some a e A. 

Proof. Let A G ^* and let a G A+. By Proposition 3.4, the Verma module M(A) has a 
non-zero primitive vector of weight A|(,„ — x if only if the form F^(A) is degenerate. The 
determinants detF^ and detB^ can differ only in sign, and 

detF^(A) = (A,detF^). 

Hence such a primitive vector exists if and only if (A, detB^) vanishes. Now 

(A,detB^) = (A, Y[ detB|,pa„(p^)) 

(by Corollary 5.2) 
= (A, H detJz,-h(L)l^-l) 

(by Theorem 6.20) 

For any L G C^, the form is non- degenerate, and so detJ^ is a non-zero scalar. Hence 
(A, detB^) vanishes if and only if (A, h(L)) vanishes for some L e As 

h(^)= n n(w)(h(«)®tT"^ 

(A,detB^) vanishes if and only if (A, h(Q;) t'^^') is zero for some a G A_|_ for which there 
exists L E and ^ d ^ N with La^ > 0. This condition on a is equivalent to requiring 
that there exist some partition /i G for which > 0, which occurs precisely when 
X — o: E Q+. Hence the first part is proven; as h{a) and h(— a) are proportional, for any 
q; G A, the second part follows. □ 
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It is apparent from Theorem 7.1 that the reducibihty of a Verma module M(A) for § depends 
only upon A^. 

7.1. Symmetrizable Kac- Moody Lie Algebrcis. Let 5 be a symmetrizable Kac- Moody 
Lie algebra as per Examples 2.3 and 6.13. The map 

h : r ^ {), 

from Example 6.13 transports the non-degenerate form ( ■ | ■ ) on () to the space ()* via 

(xIt) = (h(x) |h(7)), X,7efl*- 

Hence, for any A e ^* and a E A, 

(An, h{a)) = ( h(AN) | h{a) ) = ( An | a ), 

by definition of the map h. The following Corollary of Theorem 7.1 may be viewed as a 
generahzation of Corollary 7.4. 

Corolleiry 7.3. Let be a symmetrizable Kac-Moody Lie algebra, and let Q denote the 
truncated current Lie algebra of nilpotency index N associated to g. Then, for any A e 
the Verma module M(A) for g is reducible if and only if An is orthogonal to some root of g 
with respect to the symmetric bilinear form. 

7.2. Finite-dimensional semisimple Lie algebras. The following Corollary is a special 
case of Corollary 7.3. 

Corolleiry 7.4. Let g be a finite-dimensional semisimple Lie algebra, and let g denote the 
truncated current Lie algebra of nilpotency index N associated to g. Then, for any A e 
the Verma module M(A) for g is reducible if and only if An is orthogonal to some root of g 
in the geometry defined by the Killing form. 

Hence the reducibihty criterion for Verma modules for g can be described by a finite union 
of hyperplanes in [)*. 

Example 7.5. Figures 1 and 2 illustrate the reducibihty criterion for the Lie algebras g over 
M with root systems A2 and G2, respectively. Roots are drawn as arrows. A Verma module 
M(A) for g is reducible if and only if An belongs to the union of hyperplanes indicated. 

7.3. AfRne Kac-Moody Lie algebras. Wc refine the criterion of Corollary 7.3 for the 
affine Kac-Moody Lie algebras. Let g denote a finite-dimensional semisimple Lie algebra 
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Figure 1. Criterion for A2 Figure 2. Criterion for G2 

over the field k with Cartan subalgebra f), root system A and KiUing form (•!•). Let q 
denote the affinization of q, 

= (g) k[s, s"^] © kc © kd, 

with Lie bracket relations 

[x®s'",y®s"] = [x,y](g)s"'+" + m5„j_„(x |y)c, [d, x(g)s"*] = mx® s"", [c,0]=O, 
for all x,y e Q and m,n e Z. Let A denote the root system of 0, and let 

^ = © kc © kd, 

denote the Cartan subalgebra. Consider any A G f)* as a functional on [) by declaring 

A(c) = A(d) = 0. 

This identifies i)* with a subspace of ()*. Let 5, T e ()* be given by 

(6,^) = 0, (6,c) = 0, (S,d) = l, 
(T,f)) = 0, (t,c) = 1, (T,d)=0, 

so that 

(7.6) f}* - ^* © k6 © kT. 
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The symmetric bilinear form ( • | • ) on f)* may be obtained as an extension of the KiUing 
form on f)*, via 

(7.7) (5|r) = (T|r) = 0, (6|5) = (t|t) = 0, (6|t) = 1. 

The sum (7.6) is orthogonal with respect to this form. For any A G [)*, let A G t)* denote the 
projection of A on to f)* defined by the decomposition (7.6). The root system A = A^'^U A™ 
of Q is given by, 

(7.8) A'^ ^{a + mb\ae A, meZ}, A'"' = { m6 | m G Z, m 7^ } . 

Corollary 7.9. Let g denote an afhne Kac-Moody Lie algebra, and let g denote the truncated 
current Lie algebra of nilpotency index N associated to g. Then, for any A G i)*, the Verma 
module M(A) for g is reducible if and only if (An, c) = or ( An \a) = m (An, c) for some 
q; G A and m G Z. 

Proof. It is immediate from (7.6) and (7.7) that 

A = A+(A|t)5+(A|6)t. 

Hence 

(A,c) = (A|6)(t,c) = (A|6). 
Therefore (A, c) = if and only if ( A | /3 ) = for some f3 G A™. For a G A and m G Z, 

{A\a + m8) = {A\a) +m{A\8) = {A\a) + m(A, c) 

and so ( A | a + mb ) = if and only if ( A | a ) = — m(A, c). The claim now follows from 
(7.8) and Corollary 7.3. □ 

Example 7.10. Figures 3, 4 and 5 illustrate the reducibility criterion of Corollary 7.9 in the 
case where k = M and g is the Lie algebra with root systems A2, B2 and G2, respectively. 
A Verma module M(A) for g is reducible if and only if An belongs to the described infinite 
union of hypcrplancs, where the length of the dashed line segment is |(An,c)| times the 
length of a short root for g. 

7.4. The Virasoro Algebra. The following Corollary is immediate from Theorem 7.1 and 
Examples 2.4 and 6.15. 

CorollEiry 7.11. Let g denote the Virasoro algebra, and let g denote the truncated current 
Lie algebra of nilpotency index N associated to g. Then, for any A G the Verma module 
M(A) for g is reducible if and only if 

2m(AN,Lo) +^(m)(AN,c) = 0, 
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Figure 3. Criterion for affine A2 



Figure 4. Criterion for affine B2 




Figure 5. Criterion for affine G2 

for some non-zero integer m. 

Hence, if ■?/' is defined by '4){m) = and k = M, a Verma module M(A) for g is reducible 

if and only if An belongs to the infinite union of hyperplanes indicated in Figure 6. The 
extension of a functional in the horizontal and vertical directions is determined by evaluations 
at c and Lq, respectively. 

7.5. The Heisenberg Algebra. The following Corollary is immediate from Theorem 7.1 
and Examples 2.5 and 6.16. 
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Figure 6. Criterion for the Virasoro algebra 



Corolleiry 7.12. Let d denote the truncated current Lie algebra of nilpotency index N 
associated to the Heisenberg algebra a. Then, for any A e a Verma module M(A) for a 
is reducible if and only if (An, ^) = 0. 
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Appendix A. Characters of Irreducible Highest- Weight Modules for 

Truncated Current Lie Algebras 

Let g denote a Lie algebra with triangular decomposition and non-degenerate pairing, and let 
denote the truncated current Lie algebra of nilpotency index N associated to g. Theorem 7.1 
describes a reducibility criterion for Verma modules for g, but provides little information on 
the size of the maximal submodule. This appendix describes the characters of the irreducible 
highest- weight g-modules under the assumption that 1^ is one-dimensional (and hence [)o = f))- 
For example, g may be the Lie algebra sl(2), the Witt algebra, or a modified Heisenberg 
algebra. 

For any 7 e f)*, let L(7) denote the irreducible highest- weight g-module of highest-weight 
7, and for any A e let L(A) denote the irreducible highest- weight g-module of highest 
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weight A. Let 



{e^lxer} 



denote a multiplicative copy of the additive group f)*, so that 



x,7 e 



If M is a vector space graded hy I)*, M — ®^^^*M^, such that all components are 
finite-dimensional, write 



Proposition A.l. Let g,g be as above, and let A e [)*. Let ^ m ^ N be minimal such 
that An = for all m < n ^ N. Then, if m > 0, 

charL(A) = c^^" • (char U(0_))™, 

and if m = 0, then L(A) is a g-module isomorphic to L(Ao). 

Proof. Suppose that m = 0. Since g is the quotient of Q by the ideal ©o<j^N0 ® t*) the 
0-module L(Ao) is a natural g-module. Moreover, L(Ao) is an irreducible highest-weight 
0-module of highest- weight A, and so L(Ao) = L(A). 

Suppose instead that m > 0. Then it must be that A^ 7^ 0. Let g' denote the truncated 
current Lie algebra of nilpotency index m associated to g. Let 



and let M(A') denote the Verma module for g' of highest-weight A'. Since g' is the quotient 
of g by the ideal ©m<j^NS®t*, the g'-module M(A') is a natural g-module. Moreover, M(A') 
is of highest-weight A as a g-module. Since i) is one-dimensional, M(A') is an irreducible 
g'-module, by Theorem 7.1. Hence M(A') is the irreducible g-module of highest-weight A, 
i. e. L(A) = M(A') as g-modules. In particular, L(A) and M(A') are isomorphic as ^*-graded 
vector spaces. Now 




A'=(Ao,...,AJ 



charM(A') = e^° • (charU(g_)) 



m 



by Proposition 3.3 part (ii), and so the claim follows. 



□ 
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Appendix B. Imaginary Highest- Weight Theory for Truncated Current Lie 

Algebras 



Let Q denote the finite-dimensional Lie algebra sl(2) over the field k, with root system 
A = {±0.}, and let q denote the affinization of g (cf. Subsection 7.3). Let [) denote the 
Cartan subalgebra of g, let A denote the root system, and let 6 denote the fundamental 
imaginary root. Let 

A+ = {a+m6|meZ}u{m6|meZ, m> 0} , 
so that A = A+ U -A+. Let 

Q+ = %eA+0^, 0+ = ®/3eA+0~^, 

so that 

(B.l) = 0-®f)©0+. 

The subset A_|_ C A is called the imaginary partition of the root system. The decomposition 
(B.l) defined by A+ does not satisfy the axioms of a triangular decomposition in the sense 
of Section 2, nor in the sense of [10]: the additive semigroup Q+ generated by A+ is not 
generated by any linearly independent subset of Q+. Nevertheless, there exists a non-classical 
highest- weight theory for g defined by the decomposition (B.l). This imaginary highest- 
weight theory, pioneered by Futorny, is remarkably different from classical highest-weight 
theory ([3], [4], [14]). In particular, weight spaces of imaginary highest- weight modules may 
be infinite-dimensional. 

Let g denote the truncated current Lie algebra of nilpotency index N associated to g. We 
investigate the difficulty inherent in employing our techniques to derive reducibility criterion 
for the Verma modules M(A) for g, A G i)*. The Theorem 6.20 holds in this setting. However, 
as we shall see, the degeneracy of an evaluation (A, B^) of the modified Shapovalov form 
may not be deduced from the degeneracy of the evaluations (A, B|span(-Pi)), where L e V^- 

Let N = 1, and as per Sections 3 and 4, let 

C = A+, C = Cx{0,l}. 

All root spaces of g are one-dimensional, so the choice of basis for 0+ 

C3 p ^ x{(3) egf 

is unique up to scalar multiples. Fix the order of the basis elements { x(7) | 7 G C } by 
firstly comparing degree in the indeterminate t, and secondly by the following order of 
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{x(/5) |/3eC}: 

•••x(cx. — 26), x((x — 5), x(a.), x(cx + 5), x(a+ 25), x(6), x(26),--- 

For any integer m > 0, define partitions 

A*m = { (f^ — "7.6, 0) } U { (6, 0) (m times) } , Jm — {ioc — "^S, 1) } U { (6, 1) (m times) } , 

and A = { (a, 0) }. Let x = oc e Q+. Then 

{A}U{At^,7^ I m > 0} C P^. 

Elementary computation using the Lie bracket relations shows that, for any m > 0, 

B(y(A), y(7n.)) = (-2)'"h(a - m6) ® t°, B(y(// J, y(A)) = (-2)-h(a - m6) t\ 

Hence, if the basis { y(//) | // e P^^- } is to be linearly ordered so that the matrix representation 
of is upper triangular, then it must be that both 

y(/^m) < y(A), y(A) < yi'^m), 
for all m > 0. Thus the matrix of would be bilaterally infinite. 

The degeneracy of a bilaterally-infinite upper-triangular matrix can not be determined from 
its diagonal entries, as the following simple example demonstrates. Let V denote the vector 
space with basis the symbols 

(B.2) {vm|meZ} 

and let $ : y — > y be defined by linear extension of the rule 

$ : Ym+i, meZ. 

Then $ is an automorphism of V. Order the basis elements (B.2) by their indices. Then the 
matrix representation M of $ with respect to this ordered basis will be upper triangular, in 
the sense that — whenever i > j. However, the diagonal entries Mj^j are all identically 
zero. 
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